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Part 1

Part 1. From the Question “What is a Crowd?” to Modeling Strategy: Why a
crowd 1s a soctal, hence “complex”, system and how behaves
in extreme situations such as panic?

Part 2. The Kinetic Theory Approach to Crowd Modeling

Part 3. Validation and Analytic Challenges
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1.2 - From “What is a Crowd?” to a Modeling Strategy

!

Bibliography of a personal quest

e N. Bellomo and C. Dogb, On the modelling of traffic and crowds - a survey of
models, speculations, and perspecti&#\/M Review53(2011), 409-463.

e N. Bellomo and A. Bellouquid, On the modeling of crowd dynamiLooking at the
beautiful shapes of swarmNetw. Heter. Media6 (2011), 383—399.

e N. Bellomo and A. Bellouquid, and D. Knopoff, From the migcale to collective
crowd dynamicsSIAM Multiscale Model. Simyl11 (2013), 943-963.

e N. Bellomo and A. Bellouquid, On multiscale models of pedastcrowds - From
mesoscopic to macroscopiComm. Math. Scil3(2015), 1649-1664.

e N. Bellomo and L. Gibelli, Toward a mathematical theory ohéeioral-social
dynamics for pedestrian crowdgath. Models Methods Appl. Sc25 (2015),
2417-2437.

e N. Bellomo, S. Berrone, L. Gibelli, and A. Pieri, Macroscofirst order models of
multicomponent human crowds with behavioral dynamicsAdvances in Fluid
Dynamics”, T. Tezduyar and Y. Basilev, Eds.(2016), to belishkd.
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1.3 - From “What is a Crowd?” to a Modeling Strategy

Why a crowd 1s a “soctal, hence complex,” system and how
the crowd behaves in extreme situations such as panic?

Ability to express a strategy: Walkers are capable to develop specific strategies,
which depend on their own state and on that of the entitielsaim surrounding
environment.

Heterogeneity and hierarchy: The ability to express a strategy is
heterogeneously distributed and includes, in additionfterént walking abilities,
also different objectives and the possible presence otlsad

Nonlinear interactions: Interactions are nonlinearly additive and involve
immediate neighbors, but also distant individuals.

Social communication and learning ability: Walkers have the ability to learn
from past experience. Therefore, their strategic abiyles in time due to
inputs received from outside induced by the tendency totatiap.

Influence of environmental conditions: The dynamics is affected by the quality
of environment, including weather conditions, and the getoynof the domain.
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1.4 - From “What is a Crowd?” to a Modeling Strategy

Complexity features of crowdsDefinitions by D. Helbing D. and A. Johansson,
Pedestrian crowd and evacuation dynamias;iclopedia of Complexity and System
ScienceSpringer, (2009), 6476—6495.

e Definition of crowd: Agglomeration of many people in the same area at the
same time. The density of people is assumed to be high enouggluse continuous
interactions, or reactions, with other individuals.

e Collective intelligence: Emergent functional behavior of a large number of
people that results from interactions of individuals rativan from individual
reasoning or global optimization. Establishment of a dately new behavior
through non-linear interactions of many individuals.

e Panic breakdown of ordered, cooperative behavior of
individuals: Often, panic is characterized by attempted escape of malinidaoals
from a real or perceived threat in situations of a perceivadygle for survival, which
may end up in trampling or crushing.
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1.5 - From “What is a Crowd?” to a Modeling Strategy

!

Levels of Description: Micro, Meso, MacroThe first step of a modeling strategy is
the assessment of the levels of description, their relatti@matical structures, and
the selection of those to be used.

e Microscale: Walkers are individually identified. The state of the whojetem is
identified by their position and velocity, which dependeatiables of time. Models
are generally stated by systems of ordinary differentiabdions.

e Mesoscale: The microscopic state of the interacting entities is sdiintified by
the position and velocity, but their representation isviid by a suitable probability
distribution function over the microscopic state. Modedscribe the evolution of the
distribution function by nonlinear integro-differentdjuations.

e Macroscale: The state of the system is described by averaged gross tigsnti
namely density and linear momentum, regarded as depenaeables of time and
space. Mathematical models describe the evolution of tbeeatariables by systems
of partial differential equations.
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1.6 - From “What is a Crowd?” to a Modeling Strategy

Geometry

The set of all walls, including that of obstacles and of emteaand exit doors, is
denoted by_.
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1.7 - Scaling Problems and Mathematical Structures

Maicroscale: Themicroscopic descriptionis represented, for eackth
walker withi € {1,..., N}, by positionx; = x;(t) = (x:(t), y:(t)) and velocity
vi = Vi(t) = (vz (1), vy (2)).

( dXi—V'
dat "
$
\ d;;i =F;(X1,...,XN,V1,...,VN; ).

whereF(-) is a psycho-mechanical acceleration acting on the i—thevdlksed on the
action of other walkers in his/her visibility/sensitivigpne.

Remark: The psycho-mechanical acceleration depend¥pnamely on the overall
geometry of the venue, as interactions take into accoustféature, which is not
accounted for by classical particles until these mateyialbllide with the wall.

Remark: Often only binary actions are considered, that is not careesswalkers are
subject to an influence domain, intersection of the vigibdnd sensitivity domains.
Then walker develop a strategy based on all individualsiwithe influence domain.
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1.8 - From “What is a Crowd?” to a Modeling Strategy

e Macroscale: Themacroscopic descriptionis represented by tHecal
densityp = p(t, x) and themean velocityV = V (¢, x), which is referred to
maximum mean velocity’,, of walkers.

2

Oep+Vx-(pV) =0,

OV +(V-Vi) V= Alp, Vs3],

\

whereA[p, V; Y] is a psycho-mechanical acceleration acting on walkers/

Remark: The acceleration term depends Bnnamely on the overall geometry of the
venue, walkers take into account this feature, when thegldp\their walking strategy.

Remark: Phenomenological models are needed to describe the aatielewhich
acts on all individuals in the elementary volume of spacetdubke surrounding
individuals and geometry of the venue. First order modeésardy the first equation
closed by a phenomenological model of the tyfie; X].
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1.9 - From “What is a Crowd?” to a Modeling Strategy

!

Mesoscale: The system is described by the probability distributionchion over
the microscopic state of walkers defined by their posiona > and velocity
veD, CR? f=f(t,x,v)=: [0,T] xQ x Dy, — R4, such that
f(t,x,v) dx dv denotes the number of active particles whose state, atttimen the
interval [w, w + dw|. Macroscopic quantities are obtained by velocity weighted
moments. As an example local density and flux are obtainedllasvt:

olf(t, %) = /D ftxv)dv,  qlfl(tx) = /D v f(t,x,v)dv,

The dynamics is obtained by a balance of microscopic estii¢he elementary
volume of the space of microscopic state. This amounts tateghe transport of to
the net flow (inlet minus outlet) due to interactions. Thafat result is as follows:

(O +v-0x) f(t,x) = (JT = T, Z](t, %, V),

whereJ ™ andJ~ are, respectively, the inlet and outlet fluxes induced bgranttion
among walkers and between them and the walls, obstaclesaisd imteractions are
nonlinearly additive and nonlocal in space.
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Part 2

=

1. From the Question “What is a Crowd?” to Modeling Strategy

Part 2. The Kinetic Theory Approach to Crowd Modeling: How
mathematical sciences can develop a strategy to model the
“behavioral and social” dynamaics of crowds?

e rr e
.-I.J .I- III II'-_-I-I-

Part 3. Validation and Analytic Challenges
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2.2 Tools of the Kinetic Theory of Active Particles

2. How mathematical sciences can develop a strategy to
understand the “behavioral and social dynamics of crowds”?

Strategy: Modeling can be developed according to the following stwte

1. Derivation of a general mathematical structure consistatfit the complexity
features of living systems (focusing on crowd dynamics);

2. Derivation of specific crowd models by inserting interanianodels at the
microscopic scale into the aforementioned structure;

3. Validation of models by exploiting the information delieerby empirical data;

4. Understanding the link between dynamics delivered by thetla theory
approach and that at the macroscopic scale
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2.3. Tools of the Kinetic Theory of Active Particles

How complex systems can be defined?

N.B. H. Berestycki, F. Brezzi, and J.P. NadglMathematics and Complexity in Life
and Human ScienceMathematical Models and Methods in Applied Sciences, 2010

e The study of complex systems, namely systems of many uadsvidteracting in a
non-linear manner, has received in recent years a remakkalirease of interest
among applied mathematicians, physicists as well as rekess in various other
fields as economy or social sciences.

e Their collective behavior is determined by the dynamicéeirtinteractions. On the
other hand, a traditional modeling of individual dynamiased not lead in a
straightforward way to a mathematical description of cotlge emerging behaviors.

In particular it is very difficult to understand and modelghesystems based on the
sole description of the dynamics and interactions of a feawidual entities localized
In space and time.
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2.4. Tools of the Kinetic Theory of Active Particles

Working on a new game theory

Evolutionary game theory provides an important conceptual contribution to the
modeling of complex systems.

¢ J. Hofbauer and K. Sigmund, Evolutionary game dynaniedl. Am. Math. Society
40479-519, (2003).

Evolutionary game theory deals with entire populationslayers, all
programmed to use the same strategy (or type of behaviogtegtes with
higher payoff will spread within the population (this candmhieved by
learning, by copying or inheriting strategies, or even lgation. The
payoffs depend on the actions of the co-players and hendeednetiquencies
of the strategies within the population).

Rather than dealing with players involved in the game witategies that attempt to
maximizetheir own payoffin evolutionary game theory we have a whole population
that is pursuing amdividual or collective wellbeingTools of game theory must
include the aforementioned features of evolution and legrdynamics.
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2.5. Tools of the Kinetic Theory of Active Particles

1. Ability to express a strategy: Living entities are capable to develop
specificstrategiesandorganization abilitie$hat depend on the state of the surrounding
environment. These can be expressed without the appliicatiany external

organizing principle.

2. Heterogeneity: The ability to express a strategy is not the same for all
entities: Heterogeneitgharacterizes a great part of living systems, namely, the
characteristics of interacting entities can even diffenfran entity to another
belonging to the same structure.

3. Learning abzility: Living systems receive inputs from their environments and
have the ability to learn from past experience. Therefoeg gtrategic ability and the
characteristics of interactions among living entitieshegan time.

4. Nonlinear Interactions: Interactions nonlinearly additive and involve
immediate neighbors, but in some cases also distant @aticideed, living systems
have the ability to communicate and may possibly choosermifft observation paths
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2.6. Tools of the Kinetic Theory of Active Particles

On a quest toward the search of a mathematical structure

Interactions by stochastic gamesLiving entities, at each interactiop/ay a game
with an output that technically depends on their strategyedmw related to adaptation
abilities. The output of the game generally is not deterstimiandthe dynamics
depends also on the overall shape of the walls including inl@nd outlet doors.

e Testparticles of the-th functional subsystem with microscopic state, at ttme
delivered by the variabléx, v, ) := w, whose distribution function is
fi = fi(t,x,v,u) = fi(t,w). The test particle is assumed to be representative of the

whole system.

e Field particles of thek-th functional subsystem with microscopic state, at ttme
defined by the variablex™, v*, v*) := w™, whose distribution function is

fr = fe(t,x*, v, u") = fe(t,w™).

e Candidate particles, of theh-th functional subsystem, with microscopic state, at
time ¢, defined by the variabléx.., v., u.) := w., whose distribution function is

Soo = Jn(t,Xe, Vi, us) = fu(l, We).

Stochastic Differential Games and Kinetic TheoryToward tre Modeling of Behavioral Social Crowds-



2.7. Tools of the Kinetic Theory of Active Particles

H.1. Candidate or test particles ¥ interact with the field particles in the interaction
domainx® € Q. Interactions are weighted by thateraction rate n[f], which
IS supposed to depend on the local distribution functiohafosition of the field
particles.

H.2. A candidate particle modifies its state according to the @bdlty density:
Ci[fl(ve — v, us — u|w., w), which denotes the probability density that a
candidate particles of the-subsystems with state. = {x., v, u. } reaches the state
{v,u} in thei-th subsystem after an interaction with the field particlethe
k-subsystems with state™ = {x*, v*, u" }.

Normalizeddimensionlessvariables are used by dividing the numbeof people per
unit area with respect to the maximum numlbgyf corresponding to packing, and the

velocity modulus (speed),. to the limit velocityv,
n Uy
- — vV = —

n M Vy
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2.8. Tools of the Kinetic Theory of Active Particles

A mathematical structure

Variation rate of the number of active particles
= Inlet flux rate caused by number conservative interactions

— Outlet flux rate caused by conservative interactions
which corresponds to the following structure:

(at TV ax) fi(t,X,V,U) — (‘]'LC - J,L-L)[f](t,X,V,U,)
— Z / e [f](We, W) Cri[f] (Ve = V, Us — u|Wa, W™, us)
hok=1 QxD2 xD2

X fn(t, X, Vi, us) [ (8, X, v, u™) dvi dv™ dus du”™ dx”

—Zf’i(t’x"’)/ ik [£] (W, W") fio(t, %7, v™,u") dv™ du™ dx”.
k=1 Q

X Dqy X D+,
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2.9. Tools of the Kinetic Theory of Active Particles

From the mathematical structure to models

The overall system is subdivided infionctional subsystentonstituted by
entities, calledactive particleswhose individual state is calleattivity;

Each functional subsystem is featured by different wayspfessing their own
strategy;

The state of each functional subsystem is defined by a timendismt, probability
distribution over the micro-scale state, which includesifpan, velocity, and
activity;

Interactions are modeled by games theory, more precissthastic games, where
the state of the interacting particles and their outputkaosvn in probability;

The evolution of the probability distribution is obtaineg & balance of number
particles within elementary volume of the space of the nscopic states, where
the dynamics of inflow and outflow of particles is related t@ractions.
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2.10. Tools of the Kinetic Theory of Active Patrticles

Active particles, micro-scale states, and environment

Active particles Walkers
Position

Microscopic state Velocity
Activity

Different abilities
Functional subsystems Individuals pursuing different strategies

Presence of leaders

Unbounded domains
Environment Domains with obstacles and boundaries

Quality of the environment
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2.11. Tools of the Kinetic Theory of Active Patrticles

Real and perceived quantities

e The dynamics in two space dimensions is considered, whibg poordinates are
used for the velocity variable, namely= {v, 8}, wherev is the velocity modulus and
0 denotes the velocity direction.

e The percerved density pg along the directiom:

f =il =+ ‘%’;Qp (1= p) H(9op) + p H(—00p)]

wheredy denotes the derivative along the directigrwhile H (-) is the heaviside
function H(- > 0) = 1, andH (- < 0) = 0. Therefore, positive gradients increase the
perceived density up to the limit= 1, while negative gradients decrease it down to
the limit p = 0 in a way that

dgp —>00=p" =1, Ogp=0=p"=p, 0Ogp— —c0 = p* — 0.
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2.12. Tools of the Kinetic Theory of Active Patrticles

Modeling the decision process of velocity adjustment

1. In unbounded domains four types of stimuli contribute torttaification of
walking direction:
1. Desire to reach a well defined target, namely a directicmmeeting point;
2. Attraction toward the mean stream,;
3. Attempt to avoid overcrowded areas;

4. The presence of walls induce a stimulus to avoid them.

2. Walkers moving from one direction to the other adapt theloeigy to the new local
perceived density conditions, namely they decrease spe@acfeasing perceived
density and increase it for decreasing perceived density.

3. The dynamics is more rapid in high quality areas; moreovadity is
heterogeneously distributed and increases for high vali® activity variable.
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2.13. Tools of the Kinetic Theory of Active Patrticles

Dynamics at the microscopic scale in three steps:

1. direction of movement is changed depending on local tiemsean velocity, and

trend to the exit;

2. modulus of velocity is decreased (increased) dependiritgeperceived density;

3. activity variable is varied according to a social dynaybhased on attraction

and/or repulsion of social behaviors.

(s) (1)

- (v . v +(1-p)v,

|6 + 1 - B!

VZ(_p) _

(s) (1)

- - v\’ +(1— 0\

pv(W) + (1 —p) g (1=5) "t
|Bve) + (1= g

wherep = p/puax, beingpuax the highest admissible packing density, and

L) = VP ORI

IVxpll

€]l
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Part 3

Part 1. From the Question “What is a Crowd?” to Modeling Strategy:

Part 2. The Kinetic Theory Approach to Crowd Modeling and Validation:

Part 3. Validation and Analytic Challenges:Does the study of crowd
generate challenging analytic and computational problems?
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3.2. Validation and Analytic Challenges

How crowd models can be validated?

In general, a model is considered valid if it is mathemalyoakll posed and its
numerical implementation provides feasible and consiggsults in agreement with
empirical data. More specifically, the following main feitsi need to be assessed.:

1. Ability to capture the complexity features of the crowd
viewed as a living, hence complex, system.

2. Ability to reproduce empirical data in steady flow
conditions.

3. Ability to reproduce, at a qualitative level, emerging
collective behaviors.

Moreover, some applications ask to models to provide nuwraksolutions with a
reduced computational time. This requirement has to bafsgly referred to
specific applications such as evacuation through complexes
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3.3. Validation and Analytic Challenges

=

Classification of empirical data

Steady flow data: The so called velocity and fundamental diagrams which plot,
respectively, the average speed and flux versus the locsitg@msteady conditions.
The information provided by these diagrams is restrictatiéanodulus of the velocity
vector since directional information is lost.

Data on emerging behaviors:Data on emerging collective behaviors provide a
gualitative description of collective dynamics. Some @rthare repetitively
reproduced under similar physical conditions. These hehaare subject to large
guantitative deviations corresponding to small deviatiofthe data of the system.

Data on individual behaviors and interactions: These data aim at understanding
how pedestrians individually react to other pedestriamkhanw such interactions
determine collective dynamics. In other words, such daliateeunderstand whether
and how local interactions can have non-local effects. @pmterest is aroused by
emerging behaviors in challenging evacuation dynamics.
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3.4. Validation and Analytic Challenges

Fundam
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3.5. Validation and Analytic Challenges

Individuals walking in a corridor with opposite directions

Lyi exit .. ® .o exit

The kinetic model of pedestrian crowds is applied to the l@mlof two groups of
people walking in opposite directions.

The segregation of walkers into lanes of uniform walkinggdiron is
guantitatively assess by computing the band index

vy L [T [ et x) = pa(t x)
s(t) = d
LaLy Jo o Pt x) + pa(t, x)

x| dy
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3.6. Validation and Analytic Challenges

Pedestrians walkina in a corridor with opposite directions

1 ' ' T 1

150 pedestrians

10 pedestrians A

o " e

1 | 1 | 1 | 1 | 1 | 1 |
0 100 200 300 400 500 600
t [s]
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& 3.7. Validation and Analytic Challenges

A: Low density flow; B: high density flow; ¢ = .8




3.8.

Validation and Analytic Challenges
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3.9. Validation and Analytic Challenges

Dynamics through complex venues
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3.10. Validation and Analytic Challenges

The role of the “selfishness” parameterPanic: Breakdown of ordered, cooperative
behavior

N w H o)
o o o o
I I I

Number of walkers in the domain
|_\
o
[

0 | B "~ 80
time [seconds]
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3.11. Validation and Analytic Challenges

The invention of a mathematical theory goes through theckdlar new mathematical
structures. Indeed, as observed by Gromov:

Mathematics is about “interesting structures”. What makestructure
interesting is an abundance of interesting problems; wedystustructure by
solving these problems. The worlds of science, as well aatifeamatics
itself, is abundant with gems (germs?) of simple beautfehs. When and
how many of these ideas direct you toward beautiful mathiestat

e M. Gromov, In a search for a structure, Part 1: On entropy,
http://www.ihes.fr/ gromov/PDF/structre-search-eptrguly5-2012.

This statement indicates how the quest for new methods glema up with the design
of new mathematical structures, which might even be ridna&n wwhat is needed for a
specific modeling project. Therefore, mathematicians avvaited to investigate all
properties of the new structures.
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4 3.12. Validation and Analytic Challenges
m

Some challenging problems

Modeling need a computational approach, Deterministicpngational methods
are not sufficient, while statistical methods should be tigpe;

Modeling at the microscopic scale need to be consistenttivgimicro-scale
dynamics used in the kinetic theory approach;

Interaction rules evolve in time and propagate in space;
Understanding the role of learning dynamics;

The derivation of macroscopic (hydrodynamic) models framuinderlying
description the kinetic theory approach;

e N. Bellomo and A. Bellouquid, and D. Knopoff, From the migcale to collective
crowd dynamicsSIAM Multiscale Model. Simyl11 (2013), 943-963.

e N. Bellomo and A. Bellouquid, On multiscale models of pedastcrowds - From
mesoscopic to macroscopicomm. Math. Scil3(2015), 1649-1664.
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The End

Thank You!
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